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Abstract

Systems consisting of two heat exchangers coupled by a circulating flowstream are studied. The systems differ in the flow configurations
of the single heat exchangers. For steady-state operation there exists a heat capacity rate of the circulating flowstream which maximizes
the temperature changes of the external flowstreams. Until now this optimum has been calculated, assuming that the overall heat transfer
coefficients of the heat exchangers do not depend on the mass flow rate of the circulating flowstream. In this paper the dependence of the
overall heat transfer coefficient on mass flow rate of the circulating flowstream is taken into account. For transient operating conditions the
system response to perturbations of inlet temperatures and mass flow rates is calculated by the method of Laplace-transforms and an explicit
finite difference method. The most significant features of the coupled system become apparent considering outlet temperature transients
induced by perturbations of the mass flow rate of the circulating flowstream.
 2002 Éditions scientifiques et médicales Elsevier SAS. All rights reserved.
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1. Introduction

In almost all power and chemical engineering plants
heat exchangers are used as single subunits or as coupled
subsystems. Their steady-state behaviour is well known
and the calculation methods are highly developed [1,2]. If
start-up, shut-down or control processes are considered the
knowledge of the transient behaviour becomes important.
The transient behaviour of single heat exchangers has
already been studied [3,4], but not the transient behaviour
of coupled subsystems which are for instance applied
to recovering heat in flue gas cleaning plants [5], air
conditioning systems [6] and gas turbine plants [7–9].
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Subject of this paper is a system which consists of two
coupled heat exchangers. The coupling fluid is circulated by
a pump. The system is used for transferring heat indirectly
from a hot flowstream I to a cold flowstream II. It is called
heat shifting system, Fig. 1.

Meierer [5] describes a heat shifting system which is used
for heating the pure gases of a flue gas cleaning plant before
they enter the chimney. Heat is transferred from the hot raw
gases (flowstream I) to the cold pure gases (flowstream II).
The circulating fluid is liquid water. The heat shifting system
is preferred to a rotating regenerator because pure gases and
raw gases are strictly separated and no mixing occurs. Only
this solution made it possible to stay within the limit values
of contaminant concentration for the pure gases entering the
atmosphere.

In air conditioning applications the heat shifting system
is used for exchanging heat between outdoor air and exhaust
air [6]. In winter the outdoor air is preheated with the exhaust
air. In summer the outdoor air is precooled with the exhaust
air. The coupled system is advantageous because it does not
require exhaust air near outdoor air. The distance is bridged
by the circulating flowstream.
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Nomenclature

A heat transfer surface . . . . . . . . . . . . . . . . . . . . . m2

Aq cross-sectional area . . . . . . . . . . . . . . . . . . . . . . m2

a thermal diffusivity . . . . . . . . . . . . . . . . . . . m2·s−1

aFou Fourier coefficient
bFou Fourier coefficient
C0 constant
cp specific isobaric heat capacity . . . . . J·kg−1·K−1

j number of Fourier coefficient in Eq. (42)
k overall heat transfer coefficient . . . W·m−2·K−1

Lc characteristic length . . . . . . . . . . . . . . . . . . . . . . m
m exponent
Nu Nußelt number= αLc

λ

NTU number of transfer units,kA
Ẇ

n exponent
nFou number of points for Fourier analysis
P dimensionless temperature change

of external flowstream
p pressure. . . . . . . . . . . . . . . . . . . . . . . . . . . . . N·m−2

Pr Prandtl number= ν
a

q̇ heat flux density . . . . . . . . . . . . . . . . . . . . . W·m−2

R heat capacity rate ratio,

e.g.,R1 I,1 II = Ẇ1 I/Ẇ1 II

Re Reynolds number= wLc
ν

s Laplace parameter
T temperature . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . K
t time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
tB reference time. . . . . . . . . . . . . . . . . . . . . . . . . . . . . s
tv initial residence time. . . . . . . . . . . . . . . . . . . . . . . s
w flow velocity . . . . . . . . . . . . . . . . . . . . . . . . . m·s−1

Ẇ heat capacity rate . . . . . . . . . . . . . . . . . . . . W·K−1

X length of heat exchanger in the flow direction
of external flowstream . . . . . . . . . . . . . . . . . . . . m

x space coordinate . . . . . . . . . . . . . . . . . . . . . . . . . m
Y length of heat exchanger in the flow direction

of circulating flowstream . . . . . . . . . . . . . . . . . . m
y space coordinate . . . . . . . . . . . . . . . . . . . . . . . . . m
Z length of connecting duct. . . . . . . . . . . . . . . . . . m
z space coordinate . . . . . . . . . . . . . . . . . . . . . . . . . m

Greek letters

α heat transfer coefficient . . . . . . . . . . W·m−2·K−1

β expansion coefficient . . . . . . . . . . . . . . . . . . . K−1

ε dimensionless temperature change of single heat
exchanger

ζ dimensionless space coordinate= z/Z

η dimensionless space coordinate= y/Y

θ dimensionless temperature= T−T1, inII
T1, inI−T1, inII

θ ′ dimensionless temperature
perturbation= T ′

T1, inI−T1, inII

κ dimensionless initial residence time
λ heat conductivity . . . . . . . . . . . . . . . W·m−1·K−1

ν kinematic viscosity . . . . . . . . . . . . . . . . . . m2·s−1

ξ dimensionless space coordinate= x/X

ξGn tube friction factor
) density . . . . . . . . . . . . . . . . . . . . . . . . . . . . . kg·m−3

σ dimensionless flow velocity perturbation
τ dimensionless time coordinate= t/tB
Φ volumetric dissipation . . . . . . . . . . . . . . . W·m−3

Ω dimensionless angular frequency
ω dimensionless wall parameter

Super- and subscripts

out outlet, output
in inlet, input
k time-step
l left connecting duct
M subscript denoting a subsystem,M = I, II , r, l
opt optimum
r right connecting duct
W wall
1 external flowstream
2 circulating flowstream
I heat exchanger I
II heat exchanger II
∞ final steady state

Accents
′ perturbation variable
− initial steady state˜ Laplace-transform

Other symbols

I imaginary part of a complex number
R real part of a complex number

London and Kays [7] consider heat shifting systems in
gas turbine plants. Heat is transferred from turbine exhaust
gases to compressed combustion air. The circulating fluid
is liquid sodium–potassium eutectic alloy. For the first time
it is stated that there exists an optimum for the heat capac-
ity rate of the circulating flowstream [7]. Applying this op-
timum heat capacity rate of the circulating flowstream the
largest temperature changes are achieved for given entrance
temperatures and heat capacity rates of the external flow-

streams. London and Kays [7] consider two coupled coun-
terflow heat exchangers with equal heat capacity rates of the
external flowstreams. The overall heat transfer resistances of
the heat exchangers are equal and independent of the flow
rate of the circulating fluid. In this special case the optimum
heat capacity rate of the circulating fluid is equal to the heat
capacity rate of the external flowstreams.

Martin [10] and Roetzel [11] consider the optimum
for a more general case. The heat capacity rates of the
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external flowstreams and the overall heat transfer resistances
of the coupled counterflow heat exchangers are arbitrary,
but still independent of the flow rate of the circulating
flowstream. By means of numerical computations Martin
has shown that the optimum heat capacity rate of the
circulating flowstream lies between the heat capacity rates of
the external flowstreams [10]. Then Roetzel [11] has derived
an analytic formula for the calculation of the optimum
heat capacity rate. Additionally an economic distribution of
the heat transfer area between the two heat exchangers is
proposed. Besides counterflow Martin considers cross flow
with cross-mixed circulating flowstream. In this case the
optimum heat capacity rate is infinitely large [10]. In all
the calculations it is assumed that the overall heat transfer
coefficient is independent of the circulating flow rate.

Fig. 1. System of two heat exchangers coupled by a circulating flowstream
(cross-flow arrangement). The counterflow arrangement is analogous.

Jansing [12] and Schneider [9] describe a heat shifting
system with waste heat boiler installed in a gas turbine
plant with combined heat and power generation. Heat
is transferred from the hot turbine exhaust gases to the
compressed combustion air. Then the turbine exhaust gases
enter the waste heat boiler producing heating or process
steam. The circulating flow rate determines the distribution
of energy between generation of steam and preheating of
compressed combustion air. If the circulating flow rate is
changed a new operating state will develop. It is of interest
after which time the new operating state is reached and
how the temperature fields of the system change with time,
i.e., the transient behaviour has to be considered. Unlike for
the steady state no references are found for the transient
behaviour of the coupled system.

In this paper a general calculation method for the steady-
state optimization is presented taking into account that the
overall heat transfer coefficients depend on the circulating
flow rate. This is necessary if the heat transfer resistances
on the gas side are decreased by extended surfaces and
reach the same order as those on the liquid side, or if the
external flowstreams and the circulating flowstream are all
liquid. Further it is studied if there exists a finite optimum
heat capacity rate of the circulating fluid for other flow
configurations than counterflow. Finally calculation methods
for the transient behaviour of a heat shifting system are
described and examples are discussed.

2. Optimization of steady-state operation

The parameters of the optimization problem are illus-
trated in Fig. 2. For given inlet temperatures,T1, inI and
T1, inII , and heat capacity rates of the external flowstreams,
Ẇ1 I and Ẇ1 II , the heat capacity rate of the circulating

Fig. 2. Parameters which are used to describe the system and to determine the optimum circulating flow rate.
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fluid Ẇ2 has to be found which maximizes the temperature
changes of the external flowstreams, Fig. 2.

The dimensionless temperature change of flowstream I is
given as [7,10]

1

P1 I
= 1

ε1 I(NTU1 I,R2,1 I)

+ R1 I,1 II

ε1 II(NTU1 II,R2,1 II)
− 1

R2,1 I
(1)

i.e.,

P1 I = P1 I(NTU1 I,NTU1 II,R2,1 I,R1 I,1 II) (2)

because

R2,1 II =R1 I,1 IIR2,1 I (3)

The heat capacity rate ratioR1 I,1 II is not an independent
variable of the optimization problem because the heat
capacity rates of both external flowstreams are given.

The temperature changes of the external flowstreams are
coupled by the first law

R1 I,1 IIP1 I = P1 II (4)

If the temperature change of external flowstream I is max-
imized the temperature change of external flowstream II is
also maximized.

The functions

ε1 I(NTU1 I,R2,1 I)= T1, inI − T1,outI

T1, inI − T2,inI
(5)

and

ε1 II(NTU1 II,R2,1 II)= T1,outII − T1, inII

T2, inII − T1, inII
(6)

in Eq. (1) are tabulated for a large number of flow configu-
rations in [1]. They characterize the heat exchangers when
they are considered as isolated units.

Neglecting wall resistance the overall heat transfer resis-
tance of heat exchanger I is

1

(kA)I
= 1

α1 IA1 I
+ 1

α2 IA2 I
(7)

Substituting Eq. (7) into the definition of NTU1 I given in
Fig. 2 yields

1

NTU1 I
= Ẇ1 I

α1 IA1 I
+ Ẇ2

α2 IA2 I

1

R2,1 I
(8)

The two dimensionless groups in Eq. (8) are abbreviated by

N1 I = α1 IA1 I

Ẇ1 I
and N2 I = α2 IA2 I

Ẇ2
(9)

yielding

1

NTU1 I
= 1

N1 I
+ 1

N2 IR2,1 I
(10)

Assuming constant fluid properties the varying heat transfer
coefficients do not influence each other. Taking into account

that all data of the external flowstreams, the flow configu-
rations and the constant fluid properties of the circulating
flowstream are given, NTU1 I is reduced to a function ofRe2 I
alone, substituting

N2 I = Nu(Re2 I,Pr2)
A2 I

Aq2 I
Re−1

2 I Pr−1
2 (11)

R2,1 I = λ2

λ1 I

Lc1 I

Lc2 I

Aq2 I

Aq1 I

Re2 I

Re1 I

Pr2

Pr1 I
(12)

into Eq. (10). In the same way NTU1 II is reduced to a
function ofRe2 II . The Reynolds numbers are coupled by the
continuity equation

Re2 II = Aq2 I

Aq2 II

Lc2 II

Lc2 I
Re2 I (13)

Thus the dimensionless temperature change of external
flowstream I,P1 I, is a function ofRe2 I which is the only
independent variable

P1 I = P1 I(Re2 I) (14)

The problem is reduced to finding the optimum Reynolds
number Reopt

2 I of the circulating flowstream of heat ex-
changer I analytically, graphically or numerically. If the
functionP1 I(Re2 I) is differentiable the necessary and suf-
ficient conditions for relative maxima are

dP1 I

dRe2 I
= 0 (15)

and

d2P1 I

dRe22 I

< 0, (16)

respectively. At the transition points from laminar to turbu-
lent flow the functionP1 I(Re2 I) is not differentiable. Com-
paring the numerical values ofP1 I at the relative maxima
and at the transition points the absolute maximum is finally
obtained.

2.1. Examples

Applying the presented method the optimum circulating
flow rate is calculated for a system consisting of two
identical finned tube heat exchangers, operated with equal
heat capacity rates of the external flowstreams. The heat
exchangers are described by Kays and London [8] as pure
cross-flow units. The circulating fluid is water. Heat is
indirectly transferred from a hot external airstream I to a cold
external airstream II. Eqs. (12)–(12) for heat exchanger I and
the corresponding equations for heat exchanger II are

N1 I =N1 II =N1 = 2.965

N2 I =N2 II =N2 = 244.0
Nu2(Re2,Pr2 = 7.01)

Re2
R2,1 I =R2,1 II =R2,1 = 1.735× 10−3Re2

(17)

In the turbulent region the Nußselt number of the circulating
waterNu2 is calculated using the Gnielinski equation [1]
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Nu2 =
ξGn
8 (Re2 − 1000)Pr2

1+ 12.7
√
ξGn
8 (Pr2/3 − 1)

(18)

ξGn = (1.82log10Re2 − 1.64)−2, 2300� Re2 � 106 (19)

In the laminar region it is necessary to take into account
the thermal boundary conditions at the heat transfer sur-
face [13]. To simplify the calculation it is assumed that the
Nußselt number for fully developed laminar flow with con-
stant surface heat flux density can be used. The numerical
value is

Nu2 = 4.36 (20)

For the considered system consisting of two identical heat
exchangers operated with equal external heat capacity rates
Eqs. (1) and (2) reduce to

1

P1
= 2

ε1(NTU1,R2,1)
− 1

R2,1
(21)

and

P1 = P1(NTU1,R2,1), (22)

respectively. Eq. (22) can be visualized as a surface in three
dimensions. However, to obtain numerical values a two-
dimensional contour plot is more suitable. Such a plot is
given in Fig. 3. Lines with constant dimensionless temper-
ature change of the external flowstreamsP1 are plotted as
contour lines. If the overall heat transfer coefficients are in-
dependent of the heat capacity rate ratioR2,1 the intersection
between the horizontal line NTU1 = const and the contour

line with the largest possible numerical value ofP1 gives the
optimum. This is exemplified for NTU1 = 12 in Fig. 3.

For the considered finned tube heat exchangers the NTUs
are not constant, but strongly depend on the heat capacity
rate ratioR2,1. The optimum lies on a curve which represents
the correct relationship between NTU1 andR2,1, Fig. 3. This
curve is called operation characteristic. NTU1 significantly
changes from 1.14 to 2.58 as the heat capacity rate ratio
is increased from 0 to 10. The largest numerical value
of P1 lies at the upper bound of the interval 0� R2,1 �
10. The single finned tube heat exchangers are designed
for a heat capacity rate ratioR2,1 = 8.2. This is also
reasonable for the coupled system. The operation point lies
in the turbulent region with high temperature changes of the
external flowstreams. Perturbations of the circulating flow
rate hardly change the outlet temperatures of the external
flowstreams, Fig. 3.

The situation is different for heat exchangers with large
heat transfer areas and therefore large NTUs. This is clari-
fied by virtually enlarging the heat transfer areas of the con-
sidered finned tube heat exchangers by the factor 5. The
new operation characteristic is plotted in Fig. 3. There ex-
ists an absolute maximum ofP1 at a heat capacity rate ratio
R2,1 = 1.13. The optimum heat capacity rate of the circulat-
ing fluid is slightly larger than the heat capacity rate of the
external flowstreams.

Because the contour plots are quite descriptive they are
also discussed for three other flow configurations, Figs. 4, 5
and 6. It is assumed that the operation characteristic

NTU1 = NTU1(R2,1) (23)

Fig. 3. Contour plot for two coupled cross-flow heat exchangers with pure cross flow. Labeled solid lines are contour lines withP1 = const. The dashed
line represents the case NTU1 = 12. The operation characteristic of two coupled finned tube heat exchangers after Kays and London is marked with circles.
Additionally an operation characteristic for large resulting NTUs is marked with triangles.
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Fig. 4. Contour plot for two coupled cross-flow heat exchangers with cross-mixed circulating flowstream. Labeled solid lines are contour lines withP1 = const.
The operation characteristic with small resulting NTUs is marked with circles. The operation characteristic with large resulting NTUs marked with triangles.

Fig. 5. Contour plot for two coupled cross-flow heat exchangers with cross-mixed external flowstreams. Labeled solid lines are contour lines withP1 = const.
The operation characteristic with small resulting NTUs is marked with circles. The operation characteristic with large resulting NTUs is marked with triangles.
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Fig. 6. Contour plot for two coupled counterflow heat exchangers. Labeled solid lines are contour lines withP1 = const. The operation characteristic with
small resulting NTUs is marked with circles. The operation characteristic with large resulting NTUs is marked with triangles.

which is plotted in Fig. 3 is also realizable for the other flow
configurations.

For cross flow with cross-mixed circulating flowstream,
Fig. 4, the contour lines are monotonically decaying. The
optimum circulating flow rate is always infinite because the
operation characteristics are horizontal or rising curves. For
cross flow with cross-mixed external flowstreams and small
resulting NTUs the largest value ofP1 lies at the upper
bound of the considered interval 0� R2,1 � 14, Fig. 5.
For large resulting NTUs the optimum lies at the laminar-
turbulent transition point withRopt

2,1 = 3.99 andPmax
1 =

0.555, Fig. 5. For counterflow and small resulting NTUs
there is a weak optimum withRopt

2,1 = 10.2 andPmax
1 = 0.477

and for large resulting NTUs a strong one withRopt
2,1 = 1 and

Pmax
1 = 0.740, Fig. 6.

3. Transient behaviour

The transient behaviour is studied for three systems with
different flow configurations of the coupled heat exchangers,
Fig. 7. Each system has five input signals and two output
signals. The five input signals are:

(1) perturbation of the inlet temperature of external flow-
stream I;

(2) perturbation of the inlet temperature of external flow-
stream II;

(3) mass flow rate perturbation of external flowstream I;
(4) mass flow rate perturbation of external flowstream II;
(5) mass flow rate perturbation of the circulating flow-

stream.

The two output signals are:

(1) outlet temperature of external flowstream I;
(2) outlet temperature of external flowstream II.

For control applications disturbances occurring during steady-
state operation are of great importance. Therefore a steady-
state operating condition is chosen as the initial state. To
calculate the transients of the output signals a suitable math-
ematical description of the processes is necessary. This de-
scription is based on the energy equation for general flow
processes [4]

)cp
DT

Dt
= −∇ · �̇q + βT

Dp

Dt
+Φ (24)

The energy equation is simplified by introducing adiabatic
mixing temperatures and heat transfer coefficients. The
following assumptions are made:

• All fluids are incompressible.
• Specific heat capacities and thermophysical fluid prop-

erties are constant.
• Plug flow is present in both heat exchangers and in the

connecting ducts.
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Fig. 7. Coordinate systems and flow configurations of the considered systems: (a) cross flow with cross-mixed circulating flowstream, (b) cross flow with
cross-mixed external flowstreams, (c) counterflow.

• Local heat transfer coefficients are spatially constant,
but may change with time due to mass flow rate
perturbations.

• Thermal conductivity of solid walls perpendicular to the
flow direction is infinite.

• There is no heat conduction or mixing in the flow
direction.

• Dissipation of mechanical power and heat losses to the
surroundings are negligible.

Application of the energy Eq. (24) yields a hyperbolic
system of partial differential equations (PDEs). With the
corresponding initial, boundary and coupling conditions
these PDEs describe the temperature fields of the system
and especially the outlet temperatures which are the output
signals of interest. For transient studies of processes with
an initial steady-state operating condition it is useful to
look at changes of variables away from their initial steady-
state value instead of the absolute variables. These changes
are called perturbation variables. Their initial values are
all equal to zero, yielding homogeneous initial conditions.
The perturbation technique is applied to temperatures, flow
velocities and heat transfer coefficients.

T (t)= T + T ′(t) (25)

w(t)=w+w′(t) (26)

α(t)= α+ α′(t) (27)

Using the empirical correlation for the Nußselt number

Nu= C0 RemPrn (28)

the perturbation of the heat transfer coefficient becomes a
function of the flow velocity perturbation

α′ =
[(

1+ w′

w

)m
− 1

]
α (29)

The resulting governing equations are given in Appendix
A in dimensionless form. If the perturbation variables are
small the energy equations can be linearized [14] around the
initial steady state, Appendix A. The boundary and coupling
conditions are given in Appendix B.

3.1. Solution methods

The coupled systems of PDEs are solved by the method of
Laplace-transforms and an explicit finite difference method.
If the coefficients of the PDEs are constant both methods are
applied. If the coefficients depend on time, only the finite
difference method is applicable.

The coefficients of the linearized energy equations are
always constant. In general the coefficients of the exact
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energy equations depend on time. They are only constant if
all mass flow rates are constant or if there is a simultaneous
step change of all mass flow rates at the begin of the process.

3.1.1. Method of Laplace-transforms
The Laplace-transform of a functionf (τ) in the interval

0 � τ � ∞ is defined as [15]

L
{
f (τ)

}= f̃ (s)=
∞∫

0

e−sτ f (τ )dτ (30)

The energy equations with constant coefficients, the bound-
ary and the coupling conditions are transformed with re-
spect to the dimensionless time coordinate from the time do-
main into the frequency domain. The transformation rules
are summarized by Spiegel [16]. In the frequency domain
solution methods for ordinary differential equations (ODEs)
become applicable. The numerical inversion algorithm of
Honig [17] is used for obtaining the final solution in the time
domain.

3.1.2. Finite difference method
The partial differential equations are approximated with

finite difference equations. The terms of the energy equa-
tions are expressed combining values of the variables and pa-
rameters at discrete points of a computational grid. To keep
the method explicit and the truncation errors small, a com-
bination of the FTBS-scheme (forward time and backward
space) [18] and Wendroff’s scheme is chosen [19].

An important special case occurs if the external flow-
streams are gaseous and the circulating flowstream is liquid.
Normally the residence time of the gas is much smaller than
the residence time of the liquid [8]

tv1 � tv2 (31)

If the initial residence time of the liquid is chosen as refer-
ence time

tB = tv2 (32)

the time derivatives in the energy equations for the external
flowstreams, Appendix A, vanish because

κ1 = tv1

tB
≈ 0 (33)

The gas temperatures develop without inertia effects, i.e.,
their history is insignificant. Therefore it is not reasonable
to approximate the space derivative with Wendroff’s scheme
which requires values at two different points of time. Instead
the three-point-formula is used [18].

Besides the problem of numerical stability, numerical dis-
persion and numerical dissipation can make the calculation
results useless without being recognized. To derive criteria
for the generation of computational grids where the effects
of numerical dispersion and dissipation are minimized the
simplified PDE with constant coefficients

−(1+ σ)
∂θ ′

∂ξ
= κ

∂θ ′

∂τ
(34)

is considered. Eq. (34) reflects the transport properties of the
energy equations in the flow direction. The dimensionless
flow velocity perturbationσ in Eq. (34) is a constant, i.e.,
the criterion is derived for a time step withσk = σ . The
superscriptk denotes the discrete time coordinate. Ifσ
changes a new criterion holds and a new computational
grid has to be generated. Solutions of Eq. (34) show
neither dispersion nor dissipation [18]. A dispersion and
dissipation analysis of the FTBS-scheme and Wendroff’s
scheme approximating Eq. (34) shows that dispersion and
dissipation diminish for

8ξ

8τ
= κ

1+ σ
(35)

or with dimensions

8x

8t
=w+w′(t) (36)

Eq. (35) is applied to discretize the space and time coordi-
nates. For a given time discretization8t the discretization
of the space coordinate depends on the velocity of the fluid
flowing in the direction of this space coordinate, Eq. (36).
For counterflow there are two criteria for the discretization
of a single space coordinate, Fig. 7, if the flow velocities of
external and circulating flowstream are different. Therefore
the calculation is simultaneously conducted on two compu-
tational grids for each time step.

To apply the method of Laplace-transforms and the finite
difference method the inhomogeneous parts of the energy
equations, Appendix A, which contain the temperature fields
of the initial steady state have to be known before the tran-
sient calculation starts. The equations for the steady-state
temperature fields, the solution in the frequency domain and
the finite difference schemes will be published separately
due to their extent [20].

3.2. Examples

The most significant properties of the coupled system
reveal if the mass flow rate of the circulating flowstream
is perturbed. For comparison the same parameters in the
governing equations, Appendix A, have been chosen for the
three systems in Fig. 7:

N1 I =N1 II = 8, m1 I =m1 II = 0.8

N2 I =N2 II = 12, m2 I =m2 II = 0.8

R2,1 I =R2,1 II = 4, κ1 I = κ1 II = 0

κ2 I = κ2 II = 1, ωI = ωII = 5

N2r =N2l = 1, m2r =m2l = 0.8

κ2r = κ2l = 10, ωr = ωl = 1

Fig. 8 shows the system response to a mass flow rate
perturbation of the circulating fluid. Due to the continuity
equation the dimensionless flow velocity perturbations of the
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Fig. 8. System response to a perturbation of the mass flow rate of the circulating flowstream. (a) cross flow with cross-mixed circulating flowstream, (b)
cross flow with cross-mixed external flowstreams, (c) counterflow. Left: Step response. Solid lines denote solution of exact energy equations. Dashedlines
denote solution of linearized energy equations. Center and right: Frequency responses. The interval between two marked dimensionless angular frequencies is
8Ω = 2π/50.

circulating flowstream are equal for both heat exchangers
and both connecting ducts:

w′
2 I

w2 I
= w′

2 II

w2 II
= w′

2r

w2r
= w′

2l

w2l
= σ2 (37)

On the left of Fig. 8 the step response to the input signal
σ2 = −0.2 is shown. The output signalθ ′

1,outII oscillates
with decaying amplitude until a new steady state is reached.
A temperature oscillation, induced by a step change of mass
flow rate, does not exist for the subsystems when they are
considered separately. The period of the damped oscillation
is influenced by the circulation time of the coupling fluid
after the step change and the heat capacities of the system.

Another important property of coupled heat exchangers
becomes apparent if the final steady-state values of the out-
put signalθ ′

1,outII are considered, Table 1. The sign of the
final steady-state value is positive for counterflow and cross
flow with cross-mixed external flowstreams, while it is nega-
tive for cross flow with cross-mixed circulating flowstream.
Decreasing the mass flow rate of the circulating liquid can
both increase and decrease the outlet temperature of exter-
nal flowstream II, depending on the flow configuration of

Table 1
Comparison of the final steady-state values for the exact and linearized
energy equations. The inlet signal is a drop of the mass flow rate of the
circulating liquid withσ2 = −0.2

θ ′exact
1,outII(τ → ∞) θ ′lin

1,outII(τ → ∞)

Cross flow −0.00154227 −0.00110672
with cross-mixed
circulating flowstream

Cross flow +0.00346866 +0.00432710
with cross-mixed
external flowstreams

Counterflow +0.0190972 +0.0150339

the heat exchangers and the operating condition at the initial
steady state.

The solutions of the exact and linearized energy equations
are shifted in time, left of Fig. 8. Perturbations of the circu-
lating system propagate in the flow direction with flow ve-
locity of the circulating fluid. This is correctly modeled by
the exact energy equations, but not by the linearized ones.
Analyzing the characteristics of the exact and linearized en-
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Table 2
Dimensionless propagation velocities of information in the flow direction
of the circulating flowstream for the exact and linearized energy equations

Subsystem Definition of Linearized Exact
propagation velocity energy equations energy equations

Cross flow dη
dτ

1
κ2

1+σ2(τ)
κ2

Counterflow dξ
dτ − 1

κ2
− 1+σ2(τ)

κ2

Duct flow dζ
dτ

1
κ2

1+σ2(τ)
κ2

ergy equations which are both of the hyperbolic type yields
the dimensionless propagation velocities of information, Ta-
ble 2. To recognize if these dimensionless propagation ve-
locities are physically correct they are reformulated with di-
mensions. For cross flow the propagation velocity of infor-
mation of the linearized energy equations is wrong.

dη

dτ
= 1

κ2
�⇒ tB

Y

dy

dt
= 1

tv2/tB
�⇒ dy

dt
= w̄2 (38)

Perturbations always propagate with the flow velocity of
the initial steady state, although the flow velocity is varying
with time. The propagation velocity of information of the
exact energy equations is correct because it is identical to
the flow velocity.

dη

dτ
= 1+ σ2

κ2
�⇒ tB

Y

dy

dt
= 1+w′

2(t)/w̄2

tv2/tB

�⇒ dy

dt
(t)= w̄2 +w′

2(t) (39)

After the drop of the circulating mass flow rate the correct
propagation velocities of the exact energy equations are
smaller than the incorrect ones of the linearized energy
equations. This explains the phase shift in Fig. 8. The
maxima and minima of the solution of the linearized energy
equations occur to early because they propagate to fast.

If the inlet signal is a harmonic oscillation the system re-
sponse is a harmonic oscillation with the same frequency
as the inlet signal—after initial transients—provided the
linearized energy equations are applied to describing the
process. Amplitude and phase of the system response are
given by the frequency response [21]. The frequency re-
sponse is the sectors = IΩ of the transfer function

G̃1 II,σ2 = θ̃ ′
1,outII(s)

σ̃2(s)
(40)

and depicted in the complex plane as a curve parametrized
by the dimensionless angular frequencyΩ . The curve starts
with Ω = 0 and ends withΩ → ∞ in the origin of the
complex plane. The distance between the origin and a point
on the curve, multiplied by the amplitude of the input signal,
gives the amplitude of the output signal. The angle between
the abscissa and the connecting line between origin and a
point on the curve gives the phase of the output signal.

To verify calculation results the limit theorems of Laplace-
transformation are applied. Graphically they can be inter-
preted as a relation between frequency response and unit

Table 3
Numerical values of the Fourier coefficientsaFou,0

1
2aFou,0

Cross flow −0.0124377
with cross-mixed
circulating flowstream

Cross flow −0.0110430
with cross-mixed
external flowstreams

Counterflow −0.0140313

step response [22]. The initial value theorem says that the
final value of the unit step response atτ → ∞ is equal to the
amplitude of the frequency response atΩ = 0. Therefore on
the right of Fig. 8 the region aroundΩ = 0 is zoomed. The
final value theorem says that the initial value of the unit step
response is equal to the amplitude of the frequency response
atΩ → ∞.

If the mass flow rate perturbations are arbitrary the finite
difference method has to be applied to solve the exact energy
equations. The system response to a pulsating circulating
flowstream is considered. The input signal is

σ2 = 0.6 sin

(
2π

22
τ

)
(41)

After initial transients the output signal of the system is pe-
riodic, Fig. 9. For comparison the solution of the linearized
energy equations is plotted with dashed lines. Despite the
large amplitude of the perturbation both solutions are in
good agreement. The right part of Fig. 9 shows the Fourier
analysis of the solution of the exact energy equations. The
exact output signal is approximated with the finite Fourier
series

θ ′
1,outII(τ )≈ 1

2
aFou,0 +

nFou−1∑
j=1

[
aFou,j

cos2πj τ
8τFou

nFou

+ bFou,j
sin2πj τ

8τFou

nFou

]
+ 1

2
aFou, n2

cosπ
τ

8τFou
(42)

where nFou = 4096 and8τFou = 396/12288. While the
solution of the linearized energy equations is a harmonic
oscillation with the same frequency as the inlet signal around
the mean zero, the solution of the exact energy equations
oscillates with the fundamental frequencyΩ = 2π/22,
but with integer multiples of the fundamental frequency
superimposed, Fig. 9.

Crucial is that the solution oscillates around a mean
which is different from zero, Table 3,

aFou,0 �= 0 (43)

A pulsating circulating flowstream changes the time aver-
aged behaviour of the system. This fact is not represented by
the linearized energy equations.
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Fig. 9. System response to a harmonic perturbation of the mass flow rate of the circulating liquid, Eq. (42). (a) cross flow with cross-mixed circulating
flowstream, (b) cross flow with cross-mixed external flowstreams, (c) counterflow. Left: Outlet temperature perturbations of external flowstream II. Solid lines
denote solution of exact energy equations. Dashed lines denote solution of linearized energy equations. Right: Fourier analysis. The Fourier coefficientsaFou
are marked with circles andbFou with triangles.

4. Conclusions

If constant NTUs are assumed for the calculation of the
optimum circulating heat capacity rate one has to be careful
because NTUs are only constant in special cases, i.e., if
the heat transfer resistance of the circulating flowstream is
negligible or if the heat transfer coefficients of the circulating
flowstream are independent of flow velocity. Here a general
method is presented which takes into account that NTUs
may depend on the heat capacity rate of the circulating
flowstream. A finite optimum circulating flow rate exists
for counterflow, cross flow with cross-mixed circulating
flowstream and pure cross flow as flow configurations of
the single heat exchangers. For cross flow with cross-mixed
circulating flowstream the optimum heat capacity rate is
always infinite.

Due to its internal circulation the coupled system shows
a different transient behaviour than single heat exchangers.
This becomes most apparent considering system responses

to step changes of the mass flow rate of the circulating fluid.
The outlet temperatures oscillate with decaying amplitude
until a new steady state is reached. A temperature oscillation,
induced by a step change of mass flow rate, does not exist for
the considered single heat exchangers.

Appendix A. Governing equations

The dimensionless parameters of the governing equations
are defined as follows:

N1M = ᾱ1MA1M

Ẇ1M

N ′
1M(τ)=

α′
1MA1M

Ẇ1M

R2,1M = Ẇ2

Ẇ1M

σ1M(τ)= w′
1M

w̄1M
, κ1M = tv,1M

tB
mit M = I, II



Ch. Na Ranong, W. Roetzel / International Journal of Thermal Sciences 41 (2002) 1029–1043 1041

N2M = ᾱ2MA2M

Ẇ2M

, N ′
2M(τ)=

α′
2MA2M

Ẇ2M

σ2(τ )= w′
2M

w̄2M
, κ2M = tv,2M

tB
mit M = I, II , r, l

ωI = CW I

C1 I
κ1 I, ωII = CW II

C1 II
κ1 II

ωr = CW r

C2r
κ2r, ωl = CW l

C2l
κ2l

With these parameters, Eq. (29) results in

N ′
1M = [

(1+ σ1M)
m1M − 1

]
N1M M = I, II (A.1)

N ′
2M = [

(1+ σ2)
m2M − 1

]
N2M M = I, II , r, l. (A.2)

Eqs. (A.1) and (A.2) reflects that perturbations of heat
transfer coefficients depend on flow velocity perturbations.

A.1 Cross flow with cross-mixed circulating flowstream

A.1.1 Exact energy equations
External flowstream:

−(1+ σ1M)
∂θ ′

1M

∂ξM
− (
N1M +N ′

1M

)(
θ ′

1M − θ ′
WM

)
− (
N ′

1M − σ1MN1M
)(
θ̄1M − θ̄WM

)= κ1M
∂θ ′

1M

∂τ
(A.3)

Circulating flowstream:

−(1+ σ2)
∂θ ′

2M

∂ηM
− (
N2M +N ′

2M

)(
θ ′

2M −
1∫

0

θ ′
WM dξM

)

− (
N ′

2M − σ2N2M
)(
θ̄2M −

1∫
0

θ̄WM dξM

)
= κ2M

∂θ ′
2M

∂τ

(A.4)

Wall equation:

N ′
1M

(
θ̄1M − θ̄WM

)+ (
N1M +N ′

1M

)(
θ ′

1M − θ ′
WM

)
+N ′

2MR2,1M
(
θ̄2M − θ̄WM

)
+ (
N2M +N ′

2M

)
R2,1M

(
θ ′

2M − θ ′
WM

)= ωM
∂θ ′

WM

∂τ
(A.5)

A.1.2 Linearized energy equations
External flowstream:

−∂θ
′
1M

∂ξM
−N1M

(
θ ′

1M − θ ′
WM

)
− (m1M − 1)N1M

(
θ̄1M − θ̄WM

)
σ1M = κ1M

∂θ ′
1M

∂τ
(A.6)

Circulating flowstream:

−∂θ
′
2M

∂ηM
−N2M

(
θ ′

2M −
1∫

0

θ ′
WM dξM

)

− (m2M − 1)N2M

(
θ̄2M −

1∫
0

θ̄WM dξM

)
σ2 = κ2M

∂θ ′
2M

∂τ

(A.7)

Wall equation:

m1MN1M
(
θ̄1M − θ̄WM

)
σ1M +N1M

(
θ ′

1M − θ ′
WM

)
+m2MN2MR2,1M

(
θ̄2M − θ̄WM

)
σ2

+N2MR2,1M
(
θ ′

2M − θ ′
WM

)= ωM
∂θ ′

WM

∂τ
(A.8)

A.2 Cross flow with cross-mixed external flowstreams

A.2.1 Exact energy equations
External flowstream:

−(1+ σ1M)
∂θ ′

1M

∂ξM
− (
N1M +N ′

1M

)(
θ ′

1M −
1∫

0

θ ′
WM dηM

)

− (
N ′

1M − σ1MN1M
)(
θ̄1M −

1∫
0

θ̄WM dηM

)
= κ1M

∂θ ′
1M

∂τ

(A.9)

Circulating flowstream:

−(1+ σ2)
∂θ ′

2M

∂ηM
− (
N2M +N ′

2M

)(
θ ′

2M − θ ′
WM

)
− (
N ′

2M − σ2MN2M
)(
θ̄2M − θ̄WM

)= κ2M
∂θ ′

2M

∂τ
(A.10)

Wall equation:

N ′
1M

(
θ̄1M − θ̄WM

)+ (
N1M +N ′

1M

)(
θ ′

1M − θ ′
WM

)
+N ′

2MR2,1
(
θ̄2M − θ̄WM

)
+ (
N2M +N ′

2M

)
R2,1

(
θ ′

2M − θ ′
WM

)= ωM
∂θ ′

WM

∂τ
(A.11)

A.2.2 Linearized energy equations
External flowstream:

−∂θ
′
1M

∂ξM
−N1M

(
θ ′

1M −
1∫

0

θ ′
WM dηM

)

− (m1M − 1)N1M

(
θ̄1M −

1∫
0

θ̄WM dηM

)
σ1M

= κ1M
∂θ ′

1M

∂τ
(A.12)

Circulating flowstream:

−∂θ
′
2M

∂ηM
−N2M

(
θ ′

2M − θ ′
WM

)
− (m2M − 1)N2M

(
θ̄2M − θ̄WM

)
σ2 = κ2M

∂θ ′
2M

∂τ
(A.13)
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Wall equation:

m1MN1M
(
θ̄1M − θ̄WM

)
σ1M +N1M

(
θ ′

1M − θ ′
WM

)
+m2MN2MR2,1

(
θ̄2M − θ̄WM

)
σ2

+N2MR2,1
(
θ ′

2M − θ ′
WM

)= ωM
∂θ ′

WM

∂τ
(A.14)

A.3 Counterflow

A.3.1 Exact energy equations
External flowstream:

−(1+ σ1M)
∂θ ′

1M

∂ξM
− (
N1M +N ′

1M

)(
θ ′

1M − θ ′
WM

)
− (
N ′

1M − σ1MN1M
)(
θ̄1M − θ̄WM

)= κ1M
∂θ ′

1M

∂τ
(A.15)

Circulating flowstream:

(1+ σ2)
∂θ ′

2M

∂ξM
− (
N2M +N ′

2M

)(
θ ′

2M − θ ′
WM

)
− (
N ′

2M − σ2MN2M
)(
θ̄2M − θ̄WM

)= κ2M
∂θ ′

2M

∂τ
(A.16)

Wall equation:

N ′
1M

(
θ̄1M − θ̄WM

)+ (
N1M +N ′

1M

)(
θ ′

1M − θ ′
WM

)
+N ′

2MR2,1M
(
θ̄2M − θ̄WM

)
+ (
N2M +N ′

2M

)
R2,1M

(
θ ′

2M − θ ′
WM

)= ωM
∂θ ′

WM

∂τ

(A.17)

A.3.2 Linearized energy equations
External flowstream:

−∂θ
′
1M

∂ξM
−N1M

(
θ ′

1M − θ ′
WM

)
− (m1M − 1)N1M

(
θ̄1M − θ̄WM

)
σ1M = κ1M

∂θ ′
1M

∂τ

(A.18)

Circulating flowstream:

∂θ ′
2M

∂ξM
−N2M

(
θ ′

2M − θ ′
WM

)
− (m2M − 1)N2M

(
θ̄2M − θ̄WM

)
σ2 = κ2M

∂θ ′
2M

∂τ
(A.19)

Wall equation:

m1MN1M
(
θ̄1M − θ̄WM

)
σ1M +N1M

(
θ ′

1M − θ ′
WM

)
+m2MN2MR2,1M

(
θ̄2M − θ̄WM

)
σ2

+N2MR2,1M(θ
′
2M − θ ′

WM)= ωM
∂θ ′

WM

∂τ
(A.20)

A.4 Connecting ducts

A.4.1 Exact energy equations
Circulating flowstream:

−(1+ σ2)
∂θ ′

2M

∂ζM
− (
N2M +N ′

2M

)(
θ ′

2M − θ ′
WM

)
= κ2M

∂θ ′
2M

∂τ
(A.21)

Wall equation:(
N2M +N ′

2M

)(
θ ′

2M − θ ′
WM

)= ωM
∂θ ′

WM

∂τ
(A.22)

A.4.2 Linearized energy equations
Circulating flowstream:

−∂θ
′
2M

∂ζM
−N2M

(
θ ′

2M − θ ′
WM

)= κ2M
∂θ ′

2M

∂τ
(A.23)

Wall equation:

N2M
(
θ ′

2M − θ ′
WM

)= ωM
∂θ ′

WM

∂τ
(A.24)

Appendix B. Boundary and coupling conditions

The boundary and coupling conditions are formulated
using the coordinate systems introduced in Fig. 7.

B.1 Cross flow with cross-mixed circulating flowstream

Boundary conditions:

θ ′
1 I(ξI = 0, ηI, τ )= θ ′

1, inI(τ ) (B.1)

θ ′
1 II(ξII = 0, ηII , τ )= θ ′

1, inII(τ ) (B.2)

Coupling conditions:

θ ′
2 I(ηI = 1, τ )= θ ′

2r(ζr = 0, τ ) (B.3)

θ ′
2r(ζr = 1, τ )= θ ′

2 II(ηII = 0, τ ) (B.4)

θ ′
2 II(ηII = 1, τ )= θ ′

2l(ζl = 0, τ ) (B.5)

θ ′
2l(ζl = 1, τ )= θ ′

2 I(ηI = 0, τ ) (B.6)

B.2 Cross flow with cross-mixed external flowstreams

Boundary conditions:

θ ′
1 I(ξI = 0, τ )= θ ′

1, inI(τ ) (B.7)

θ ′
1 II(ξII = 0, τ )= θ ′

1, inII(τ ) (B.8)

Coupling conditions:

1∫
0

θ ′
2 I(ξI , ηI = 1, τ )dξI = θ ′

2r(ζr = 0, τ ) (B.9)

θ ′
2r(ζr = 1, τ )= θ ′

2 II(ξII , ηII = 0, τ ) (B.10)
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1∫
0

θ ′
2 II(ξII , ηII = 1, τ )dξII = θ ′

2l(ζl = 0, τ ) (B.11)

θ ′
2l(ζl = 1, τ )= θ ′

2 I(ξI , ηI = 0, τ ) (B.12)

B.3 Counterflow

Boundary conditions:

θ ′
1 I(ξI = 0, τ )= θ ′

1, inI(τ ) (B.13)

θ ′
1 II(ξII = 0, τ )= θ ′

1, inII(τ ) (B.14)

Coupling conditions:

θ ′
2 I(ξI = 0, τ )= θ ′

2l(ζl = 0, τ ) (B.15)

θ ′
2r(ζl = 1, τ )= θ ′

2 II(ξII = 1, τ ) (B.16)

θ ′
2 II(ξII = 0, τ )= θ ′

2r(ζr = 0, τ ) (B.17)

θ ′
2l(ζr = 1, τ )= θ ′

2 I(ξI = 1, τ ) (B.18)
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